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4. An infinite sequence a,, is defined by a¢ = 1/2, and a,, = 2! + 3a,_, for n > 1.
(a)  Calculate ay, as, as. [2]
(b)  Calculate the generating function f(z) of the sequence b,, = 2", for n > 0. [2]

(¢) Let g(z) be the generating function of the sequence a,, defined above. Show

that
1

9) = a2 a—3a)°

(3]

(d) Express g(z) as a sum of two fractions with linear polynomials in their de-
nominators. [2]
(e)  Hence find a closed form expression for a,, for all n. [2]
(f)  Calculate ayo. (1]

o) ho= Yy
= 27 way)
2

2 e3(5) =2 +le =%

Gqy= 27 +5/L§> =4 +56 = 64 - 3p

N
(l
n
N\
(]
U
N

\

oD .
(P(aC) = Z b'. >
=D

1

M
N
Y
mr—

00 .
) = 5o’
SCDCB 2) wWe WO E Lo
- ZQ, : Ve e (Cecorsie
= Op,X T+ LQ?DC Formala  which
N U%@é O n - =>
Ry PU\\ Lét et out




_ > e e rec Corm
_%\ —l—l)(z Jf"}a"\“DD: Vee& C\4~\,Ctn~2

= (\)\)\\ ovt 1t

I rul A ko — = - —7 o Zﬂ ter—
V\/\;%/_QSW ; /2 T Z_,Z > +32/a~1:_>c Cor @X See Nexe
158 Som 1= =N
ot (b —_ S b0 \ =)
e 0T 2 12027 43 PICT A
Sy~ ook j3z=0 —
ke &b@) . ’ J =0
J
- é *IZ@D@ + 2 ZO\J)C
v -0 J =O
= X (=
+ + D3
/2 | = 2oC 6 >
= \- 20)a(o0) = L =
= ( >C€> > 2 ) — 2
2 (1-2o¢)
— ) B
2(1-2)
= %CDC} — |
2(1-2x)(1-3x)

&3 Lse PC{G‘E\Q\ e Cons

' _ A, i
2(1=220(1-3) | —>or )~ 3 Q W\;;p\>

= L o= Al-2x) +B(1-2o0 (1-250 (1-3)
2







= [[ + 250 + 2P+ 20 4)

€3 (| +30c +F2 4B )

:(‘“L\) (2+3/>DC+(2+/>

* (‘23 + 52 5)(3 R

= Qe X 0 ot +C‘3f>c}
— &Uesg
A
&f\ - — 2'\ 4+ 5
Z
boge Cose Op = \/Z
o \
—2 —Fi- — — +3/Z:1/Z
2
N N+
OSoyne On = -2 v 5
2
@ru(f\ — 2@"")“\ 5 OLn
" n+) B
= + -2+ 1 b T
2" w3[F A | by
" )\
- 2 + 3(@”) Lo
f\—H}(—IZ
= 2 [l’3> %/,;\_
2
(f\"f-\)—}-]
:——2.2'/\ +3
’ (
( N4\



hvspst 2015

5. We can define the Fibonacci numbers by fo =0, fi = 1, and f, = fo—1 + fu-2 for
n>2
(a)  State the definition of the generating function of a sequence a,,, for n > 0. (1]

(b)  Write down the first four non-zero terms of the generating function g(z) for
the Fibonacci numbers. [2]

(¢) Prove that the generating function g(z) for the Fibonacci numbers satisfies

9(x) =

Tl-z—a
(3]
(d)  Show that the number of sequences of Os and 1s of length n with the property

that an odd number of consecutive 1s never occur is equal to the Fibonnaci
number f,.;. [3]
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